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Abstract
A new technique for the study of geodesic connectedness in a class of Lorentzian
manifolds is introduced. It is based on arguments of Brouwer’s topological degree
for the solution of functional equations. It is shown to be very useful for multiwarped
spacetimes, which include different types of relativistic spacetimes. Connectedness by
causal geodesics is also proved.
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1. Introduction
As far as we know, the results about geodesic connectedness in Lorentzian
manifolds (i. e. the problem as to whether each pair of their points
can be joined by a geodesic) can be grouped into four types, as follows
(see [Sa01]):
* Results on space-forms, ﬁrst obtained in [CM] and compiled in the books
[Wo, Chapter 11] or [O, Chapter 9]. In particular, a positive Lorentzian
spaceform is geodesically connected if and only if it is not time-
orientable.
* Results on disprisoning and pseudoconvex manifolds; both geometrical
concepts were introduced by Beem and Parker [BP] and are studied
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in the book [BEE]. Lorentzian manifolds satisfying these two conditions
and having no conjugate points are shown to be geodesically connected;
moreover, in this case, a Lorentzian Hadamard–Cartan theorem holds,
which implies that the manifold is diffeomorphic to Rn:
* Results obtained by means of variational methods. Roughly, geodesics
are seen as critical points of the (strongly indeﬁnite) action functional
deﬁned on curves joining two ﬁxed points, and some techniques are
developed to make sure that this functional admits critical points. This
method was introduced by Benci and Fortunato [BF88,BF90] and since
then, it has proved to be very fruitful. In fact, a series of results have
shown the geodesic connectedness of many families of Lorentzian
manifolds which generalize most of the classical spacetimes used in
general relativity (see the book [Ma] or the more recent references
[AS,CS,GM,GP,Pi]).
* Results based on a direct integration of the equation of the geodesics, in
especially interesting cases from either a mathematical or a physical point
of view [CS,Sa97a,Sa98].
Other techniques allow the study of the existence of causal (timelike or null)
geodesics between two given points (even though in some cases the existence
of a time-like geodesic can be deduced from variational methods, as shown
in some of the previous references). Among the results for these geodesics,
the classical Avez–Seifert one is especially relevant: in a globally hyperbolic
spacetime, two points can be joined by a causal geodesic if and only if they
can be joined by a causal curve. The aim of this paper is to introduce a new
technique for the study of geodesic connectedness in certain Lorentzian
manifolds, based on arguments involving topological degree of solutions of
functional equations.
We will concentrate on multiwarped spacetimes, which are product
manifolds I  F1 ? Fn; IDR endowed with a metric g ¼ dt2 þPn
i¼1 f
2
i ðtÞgi; tAI (see Section 2 for precise deﬁnitions). From a physical
point of view, these spacetimes are interesting, ﬁrst, because they include
classical examples of spacetimes: when n ¼ 1 they are the generalized
Robertson–Walker (GRW) spacetimes, natural generalizations of Fried-
mann–Lemaitre–Robertson–Walker cosmological spacetimes [Sa98]; when
n ¼ 2; the intermediate zone of Reissner–Norsdstro¨m spacetime and the
Schwarzschild black hole appear as particular cases [Sa97b]. Moreover,
multiwarped spacetimes include Bianchi-type IX spacetimes as Kasner’s and
may also represent relativistic spacetimes together with internal spaces
attached at each point and multidimensional inﬂationary models (see [MS]
and references therein).
From a mathematical point of view, there are serious problems studying
geodesic connectedness of multiwarped spacetimes by using previous
techniques, even for n ¼ 2: In fact, the known results are the following (in
what follows, the line at xAF1 ? Fn is the set L½x ¼ fðt; xÞjtAIg):
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1. For n ¼ 1; 2; causal geodesics are completely characterized in [Sa97b],
showing an Avez–Seifert-type result just under an assumption of
convexity for the ﬁbers. This condition will be called here weak convexity;
say, a weakly convex Riemannian manifold is geodesically connected by
minimizing (not necessarily unique) geodesics; in the cited reference, this
hypothesis is shown to be essential and it will be assumed in this paper.
2. For n ¼ 1; the previous result and elementary arguments on continuity
and causality show [Sa98, Section 3]: if any point z ¼ ðt; xÞAI  F ðF 
F1Þ and any line L½x0 can be joined by a future as well as a past directed
causal curve then the spacetime is geodesically connected; equally, the
conclusion holds if f  f1 satisﬁesZ c
a
f 1 ¼
Z b
c
f 1 ¼N: ð1Þ
A remarkable example where this condition is not satisﬁed is de Sitter
spacetime, which can be seen as a GRW spacetime with f ¼ cosh; and it
is non-geodesically connected. Moreover, the necessary and sufﬁcient
condition for geodesic connectedness can be given with a reasonably
short discussion of cases [FS00].
3. For n ¼ 2; the geodesic connectedness of spacetimes with a qualitative
behavior such as the Reissner–Nordstro¨m Intermediate one is proven in
[Gi]. This result was extended in [GM] to the case when the ﬁbers admit
more general topological boundaries. Remarkably, the technique there
shows the equivalence of the action functional and a simpler functional.
Thus, a set of conditions must be imposed to ensure the existence of
critical points for this functional. In this context, it is worth pointing out
that, under the more general setting of the present article, if we make all
the ﬁbers equal to, say, intervals of R; then any geodesic
ðtðtÞ; g1ðtÞ; y; gnðtÞÞ joining ðt0; x1; y; xnÞ and ðt
0
0; x
0
1; y; x
0
nÞ can be
recovered as a critical point of the functional
t-
Z 1
0
t02ðtÞ ’dt þ
X
i
ðx0i  xiÞ
2R 1
0
f 2i ðtðtÞÞ dt
ð2Þ
deﬁned on curves t : ½0; 1-I joining t0 and t00:
In this paper, we prove,
Theorem 1. A multiwarped spacetime ðI  F1 ? Fn; gÞ with weakly
convex fibers is geodesically connected if the following condition holds: any
point of the spacetime can be joined with any line by means of both, a future
directed and a past directed causal curve.
This condition can be expressed easily in terms of the warping func-
tions, being equivalent to formulae (36) (Proposition 2) and it is complete-
ly natural from a mathematical viewpoint. After some preliminaries in
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Section 2, we prove Theorem 1 in the following three sections. First, in
Section 3, connection by causal geodesics is characterized, Theorem 2. Most
of the proof is completely analogous to the case n ¼ 2 solved in [Sa97b]; so,
essentially, we prove Lemma 3 only, which is a non-trivial generalization of
a step for n ¼ 2: In Section 4 we prove a particular case of Theorem 1
(conditions (36) are replaced by stronger (28)) by means of topological
degree. For the general result, proved in Section 5, some additional
problems appear, making both the concept of fake geodesic and the
hypothesis in Theorem 1 natural.
Furthermore, there are geodesically connected multiwarped spacetimes
where Theorem 1 is not applicable, some of them of special physical interest
(such as the Reissner–Nordstro¨m intermediate spacetime itself). In fact,
condition (1) (or its generalization (36)) seems appropriate when I ¼ R or f
goes to zero at the extremes; nevertheless, a strip I  Rn; IaR in Lorentz–
Minkowski spacetime Lnþ1 does not satisfy this condition. However,
Theorem 1 does not cover all the possibilities of the technique, so we will
give a more general version of this theorem in the last section, under a
sufﬁcient hypothesis which is close to a necessary condition (Theorem 5; the
necessary and sufﬁcient condition can be obtained with a reasonably short
discussion of cases just for n ¼ 1 ﬁbers, see [FS00]). Thus, all previous
results are reproven or extended; in particular, geodesic connectedness of
Reissner–Nordstro¨m intermediate spacetime is reproven, and natural
conditions for the existence of critical points of functional (2) can be
obtained. Moreover, the accuracy of our technique is shown by proving the
geodesic connectedness of Schwarzschild black hole (Theorem 6, Remarks 3
and 1). The geodesic connectedness of spacetimes as Kasner’s can be
trivially determined by using our results.
It is also worth pointing out that our results can be directly extended to
the case when the ﬁbers Fi are incomplete and has a Cauchy boundary @Fi:
In fact, it is enough to wonder when the structure of @Fi implies that Fi is
weakly convex (if Fi,@Fi is a differentiable manifold with boundary, Fi is
weakly convex if and only if the second fundamental form of the boundary,
with respect to the interior normal, is positive semideﬁnite; for more general
results, see [BGS]). This improves the previous results on this case too.
Furthermore, in Theorem 1, if one of the ﬁbers Fj is not contractible in itself
then the well-known Serre-type result on existence of inﬁnitely many
geodesics joining two ﬁxed points with diverging lengths can be applied.
Then, our technique yields:
(a) each two points can be joined by inﬁnitely many geodesics, and
(b) for any zAI  F1 ? Fn; and xAF1 ? Fn; the number of
time-like geodesics joining z and ðt; xÞ goes toN when t goes to an
extreme a; b of I :
In the remainder of the present section, we give an intuitive idea of the
techniques in Sections 4–6, for n ¼ 2 ﬁbers.
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Fix a point z ¼ ðt0; x1; x2ÞAI  F1  F2 and try to connect it with a point
z0 in the line L½x01; x
0
2 (x
0
1ax1; x
0
2ax2) by means of the geodesic gðtÞ ¼
ðtðtÞ; g1ðtÞ; g2ðtÞÞ: If z
0 belongs to the future or past of z; the problem is
solved by the Avez–Seifert-type result in Section 3; so, it is necessary to
study just when z0 belongs to a compact interval J of the line, such that each
one of its extremes is causally related with z: For a multiwarped spacetime,
the projections g1; g2 of the geodesic g are pregeodesics of the ﬁbers, that is,
up to (probably different) reparameterizations, geodesics of the ﬁbers. It is
natural to only consider the case when these geodesics minimize the
corresponding Riemannian distance (if they are not unique, we also assume
a ﬁxed choice has been carried out). So, g can be characterized by three
parameters, say, K ; directly related to t0ð0Þ; and c1; c2; related to the initial
speed of each pregeodesic. Moreover, g can be reparametrized to assume
c1 þ c2 ¼ 1; reducing both parameters ci’s to just one cð c1ÞAð0; 1Þ; and the
domain of K will be assumed to be a compact interval ½K; Kþ such that the
geodesics with K ¼ K; Kþ are necessarily causal for all c:
When tðtÞ is not constant, each giðtÞ can be reparameterized by t; up to a
set of isolated points which will be speciﬁcally taken into account. Now
consider the functions siðc; KÞ i ¼ 1; 2 which maps each (geodesic) c; K in
the length of the interval I ¼ ða; bÞ covered by the parameter tAI when
giðtðtÞÞ goes from xi to x
0
i (see the beginning of the proof of Theorem 3).
Then, the zeroes of the function m  1 s2
s1
represent geodesics joining z and
the line L½x01; x
0
2: Under assumption (28) this function satisﬁes:
lim
c-0
mðc; KÞo0; lim
c-1
mðc; KÞ > 0: ð3Þ
Thus, for each K there exists at least one zero of m and, by arguments which
naturally involves Brouwer’s topological degree (Lemma 5), a connected
subset C of zeroes joining ½0; 1  K with ½0; 1  Kþ can be found (see
Fig. 1). From our construction these zeroes represent geodesics joining z
with all the points of the compact interval JCL½x01; x
0
2:
These arguments are developed rigorously in the proof of Theorem 3 and
some technical properties on the mi’s are postponed to a series of lemmas: (i)
continuity (Lemma 6), (ii) boundary conditions (Lemma 7) and (iii) abstract
conditions satisﬁed in order to apply arguments on degree (Lemma 8).
When the condition in Theorem 1 holds (i.e., when conditions (28) are
weakened in (36), see Proposition 2) the new problems are, essentially: (A)
perhaps the reparameterization giðtÞ naturally leads one to consider even the
case t ¼ a; b yielding what we call a fake geodesic, and (B) conditions (3)
may hold just for values of K in a subinterval ½ %K; %KþC½K; Kþ and, thus,
the zeroes of mðc; KÞ may appear in one of the four cases depicted in Fig. 2.
In Section 5 we show that under our assumptions none of these possibilities
are a real obstacle for geodesic connectedness; in fact, the new possibilities
for the zeroes pointed out in (B) are related to the existence of fake
geodesics, and, when these appear, equalities (36) allow us to provide an
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argument on continuity based on their escape points (Lemma 11).
Moreover, the possibility of skipping any problem when (B) happens,
suggests which hypothesis may be weakened to give a more accurate result.
In Section 6 we give this accurate result replacing ½ %K; %Kþ  ½0; 1 by regions
where K varies with c as depicted in Fig. 3.
Fig. 1. A continuous set of zeroes of m joining ½0; 1  fKg and ½0; 1  fKþg can be found
(Lemma 5).
Fig. 2. As now mo0 (resp. m > 0) just in f0g  ½ %K; %Kþ (resp. f1g  ½ %K; %Kþ), the zeroes of m
may behave as in one of the four possibilities depicted (Lemma 10).
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2. Geodesics in multiwarped spacetimes
Let ðFi; giÞ be Riemannian manifolds, ðI ;dt2Þ an open interval of R with
I ¼ ða; bÞ and its usual metric reversed, and fi > 0 i ¼ 1; y; n smooth
functions on I : A multiwarped spacetime with base ðI ;dt2Þ; ﬁbers
ðFi; giÞ i ¼ 1; y; n and warping functions fi > 0; i ¼ 1; y; n is the product
manifold I  F1 ? Fn endowed with the Lorentz metric:
g ¼ p%I dt
2 þ
Xn
i¼1
ðfi 3 pI Þ
2p%i gi  dt
2 þ
Xn
i¼1
f 2i gi; ð4Þ
where pI and pi i ¼ 1; y; n are the natural projections of I  F1 ? Fn
onto I and F1; y; Fn; respectively, and will be omitted.
A Riemannian manifold will be called weakly convex if any two of its
points can be joined by a geodesic which minimize the distance; if this
geodesic is unique it will be called strongly convex (these names are different
to those in [Sa97b], see [Sa98]). Denote by di the distance on Fi canonically
associated to the Riemannian metric gi: Of course, if the Riemannian
manifolds ðFi; giÞ are complete then each Fi is weakly convex by the Hopf–
Rinow theorem, but the converse is not true (see [BGS] or [Sa01] for a
detailed study). A vector X tangent to I  F1? Fn is lightlike if gðX ; X Þ ¼
0 and Xa0; timelike if gðX ; X Þo0 and spacelike if gðX ; X Þ > 0 or X ¼ 0; the
timelike vector ﬁeld @=@t ﬁxes the canonical future orientation in I  F1 
? Fn: Given a point zAI  F1 ? Fn; IþðzÞ [resp. JþðzÞ] denotes the
chronological (resp. causal) future of z (set of points in I  F1 ? Fn
which can be joined by a future pointing timelike (resp. timelike or lightlike)
Fig. 3. It is not essential for the technique to work with horizontal strips as before, even though
the region where the sign of m has to change must be carefully studied (Section 6).
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piecewise smooth curve starting at z); if z0AIþðzÞ [resp. z0AJþðzÞ] then the
two points z; z0 are chronologically (resp. causally) related.
Let g : J-I  F1 ? Fn; gðtÞ ¼ ðtðtÞ; g1ðtÞ; y; gnðtÞÞ be a (smooth)
curve on the interval J: Computing directly from the geodesic equations as
in any warped product, it is straightforward to show that g is a geodesic with
respect to g if and only if
d2t
dt2
¼ 
Xn
i¼1
ci
f 3i 3 t
dfi
dt
3 t; ð5Þ
D
dt
dgi
dt
¼ 
2
fi 3 t
dðfi 3 tÞ
dt
dgi
dt
; i ¼ 1; y; n ð6Þ
onJ; where D=dt denotes the covariant derivate associated to each gi along
gi and ci is the constant ðf
4
i 3 tÞ giðdgi=dt; dgi=dtÞ: Note that if ci ¼ 0 for all
i ¼ 1; y; n then d2t=dt2  0; that is, the base of our spacetime is totally
geodesic, as in any warped product. Eq. (5) admits the ﬁrst integral
dt
dt
¼ e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D þ
Xn
i¼1
ci
f 2i 3 t
r
; ð7Þ
where D ¼ gðdg=dt; dg=dtÞ and eAf71g: On the other hand, by Eq. (6), each
gi is a pregeodesic of ðFi; giÞ: In fact, when cia0 the reparametrization
%giðrÞ ¼ giðtiðrÞÞ where
dti
dr
¼
1ﬃﬃﬃ
ci
p f 2i 3 t 3 ti ð8Þ
(in a maximal domain) is a geodesic of ðFi; giÞ being
1 ¼ gi
d %gi
dr
;
d %gi
dr
 	
: ð9Þ
Let tðtÞ and riðtÞ be the inverse functions (where they exist) of the ones
given by (7) and (8), respectively; then
dðri 3 tÞ
dt
¼ e 
ﬃﬃﬃ
ci
p
 f 2i D þ
Xn
j¼1
cj
f 2j
 !1=2
ð10Þ
on a certain domain. Assume now that all the ﬁber components gi of a
geodesic g are minimizing pregeodesics and can be continuously reparame-
trized by t (projection of g on I). Then, integrating (10) and taking into
account (5)–(7) we can ﬁnd a sufﬁcient condition for the existence of a
connecting geodesic. More precisely, we obtain,
Lemma 1. There exists a geodesic connecting z¼ðt0; x1;y; xnÞ and z0 ¼ðt00;
x01;y; x
0
nÞ if there are constants c1;y; cnX0; c1þ?þ cn¼1; DAR such that,
(i) Either
Pn
i¼1
ci
f 2
i
ðt0Þ
aD or if the equality holds then d
dt
Pn
i¼1
ci
f 2
i
ðt0Þa0;
and
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(ii) the equalityZ t0
0
t0
hei ¼ li ð11Þ
holds, where li ¼ diðxi; x0iÞ and the function h
e
i ð h
e
i ½c1; y; cn; DÞ :
ða%; b%ÞDI-R; has a domain which includes ðt0; t00Þ or ðt
0
0; t0Þ; being
equal to the right-hand side of (10), that is
hei ¼ e 
ﬃﬃﬃ
ci
p
 f 2i D þ
Xn
j¼1
cj
f 2j
 !1=2
: ð12Þ
The case tðtÞ  t0 (which, from (5), is equivalent to the fact that zeroes of
t0ðtÞ are not isolated) can be easily studied because when both equalities in
formulae (i) of Lemma 1 hold then the gi’s are geodesics of speedﬃﬃﬃ
ci
p
=f 2i ðt0Þ; obtaining:
Lemma 2. There exists a geodesic joining z and z0 if t0 ¼ t00 and there exist
c1; y; cnX0; c1 þ?þ cn ¼ 1 such that: ddt
Pn
i¼1
ci
f 2
i
ðt0Þ ¼ 0 and cif 4
i
ðt0Þ
¼
l2i
f 4
1
ðt0Þl21þ?þf
4
n ðt0Þl2n
for all i:
Finally, the following consequence of previous formulae will be useful:
Proposition 1. If I  F1 ? Fn is geodesically connected with the metric
dt2 þ
Pn
i¼1 f
2
i gi and Fmþ1; y; Fn are strongly convex for some
mAf1; y; n  1g; then I  F1 ? Fm is geodesically connected with
dt2 þ
Pm
i¼1 f
2
i gi:
Proof. Otherwise, there are two points ðt0; x1; y; xmÞ; ðt00; x
0
1;y; x
0
mÞ; in
I  F1 ? Fm which cannot be joined by any geodesic; nevertheless,
choosing any xmþ1AFmþ1;y; xnAFn the points ðt0; x1; y; xm; xmþ1;yxnÞ;
and ðt00; x
0
1; y; x
0
m; xmþ1;yxnÞ can be joined by a geodesic gðtÞ ¼
ðtðtÞ; g1ðtÞ;ygnðtÞÞ in I  F1 ? Fn: From equality (8), gmþ1;ygn are
(monotonous) reparametrizations of geodesics in Fmþ1;y; Fn with equal
initial and ﬁnal points, so, all of them are constant because of the strong
convexity, which is absurd. &
Remark 1. It is possible to weaken the hypotheses on strong convexity
above. In fact, it is enough for each ﬁber Fi; i ¼ m þ 1;y; n to admit a point
xi such that no (non-constant) geodesic emanating from xi returns to xi:
Nevertheless, Proposition 1 does not hold if we replace strong convexity by
weak convexity: Schwarzschild black hole will be a nice example of this
situation (see Theorem 6).
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3. Connection by causal geodesics
The following two sublemmas, even though quite obvious, are written
now in order to make more readable the technical Lemma 3.
Sublemma 1. Consider n constants cM1 ; y; c
M
n > 0; c
M
1 þ?þ c
M
n ¼ k and
fix iAf1; y; ng: There exists arbitrarily small constants e1; y; ei; y; en > 0
such that c1 ¼ cM1 þ e1; y; ci1 ¼ c
M
i1 þ ei1; ci ¼ c
M
i  ei; ciþ1 ¼ c
M
iþ1þ
eiþ1; y; cn ¼ cMn þ en satisfy
c1 þ?þ cn ¼ k;
c1
cn
¼
cM1
cMn
; y;
ci1
cn
¼
cMi1
cMn
;
ciþ1
cn
¼
cMiþ1
cMn
; y;
cn1
cn
¼
cMn1
cMn
:
8><>: ð13Þ
Proof. Choose en ¼ eok  cMn ; ej ¼
cM
j
cMn
e for jai; n and ei ¼
P
jai ej : &
Sublemma 2. If c1; y; cn; %c1; y; %cn > 0; c1 þ?þ cn ¼ 1 ¼ %c1 þ?þ %cn
and %cnocn; then there exists i0Af1; y; n  1g such that
%ci0 > ci0 and ; thus;
%cn
%ci0
ocn
ci0
 	
;
%cj
%ci0
p cj
ci0
8jan:
ð14Þ
Moreover, if there also exists jAf1; y; n  1g such that %cj
%cn
ocj
cn
then there
exists j0Af1; y; n  1g such that
%cj0ocj0 ;
%cn
%cj0
>
cn
cj0
;
%cj
%cj0
X
cj
cj0
:
ð15Þ
Proof. For the ﬁrst assertion, take i0Af1; y; n  1g such that
%ci0
ci0
is a
maximum, and for the last one take
%cj0
cj0
minimum. &
The following result will be essential to reduce our problem.
Lemma 3. Let ðt0; t00Þ be an interval of R; and w1; y; wn n (smooth) positive
functions defined on ðt0; t00Þ: Take constants c1; y; cnX0; c1 þ?þ cn ¼ k;
0okp1 and l1; y; lnX0; l1 þ?þ ln > 0: Let nX0 be a smooth function. Ifﬃﬃﬃﬃ
c1
p R t0
0
t0
w1ðc1w1 þ?þ cnwn þ nÞ
1=2Xl1;
^ﬃﬃﬃﬃ
cn
p R t0
0
t0
wnðc1w1 þ?þ cnwn þ nÞ
1=2Xln
8><>: ð16Þ
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then there exists unique c01;?; c
0
nX0; c
0
1 þ?þ c
0
n ¼ k and Dp0; which vary
continuously with k and n (in the LN½t0; t00 topology), such thatﬃﬃﬃﬃ
c01
p R t0
0
t0
w1ðc01w1 þ?þ c
0
nwn þ n DÞ
1=2 ¼ l1;
^ﬃﬃﬃﬃ
c0n
p R t0
0
t0
wnðc01w1 þ?þ c
0
nwn þ n DÞ
1=2 ¼ ln:
8><>: ð17Þ
Proof. We will work by induction on the number n of functions. The case
n ¼ 1 is obvious, and assume it is true for n  1: Consider the compact set
S ¼ fðc1; y; cnÞAR
n : c1; y; cnX0; c1 þ?þ cn ¼ k; satisfying ð16Þg: By
hypothesis, Sa| and we can assume all the c0is are non-null (otherwise, some
li is 0 and the result is trivial from the induction hypothesis). Let
ðcM1 ; y; c
M
n ÞAS be such that
ﬃﬃﬃﬃﬃﬃ
cMn
q Z t0
0
t0
wnðcM1 w1 þ?þ c
M
n wn þ nÞ
1=2 ð18Þ
is a maximum on S. Then equality (16) must hold for the n  1 ﬁrst
inequalities. In fact, if there exists iAf1; y; n  1g which does not satisfy
the equality, then we can choose c1; y; cn as in Sublemma 1. For e1; y; en
small enough, the ith inequality (16) holds and dividing all Eq. (13) by
cj
cn
¼
cMj
cMn
it is clear that (16) remains true for j ¼ 1; y; i  1; i þ 1; y; n  1:
Now, Eqs. (13) not only shows that the last Eq. (16) holds, but also clearly
contradicts the maximality assumption on (18).
For each cnA½0; cMn  we can put k
0 ¼ k  cn; n0 ¼ nþ cnwn and obtain
unique ðc01; y; c
0
n1Þ  ðc1ðcnÞ; y; cn1ðcnÞÞ; D  DðcnÞ depending continu-
ously on cn by using the induction hypothesis. If cn ¼ cMn then Dðc
M
n Þ ¼ 0;
c1ðcMn Þ ¼ c
M
1 ; y; cn1ðc
M
n Þ ¼ c
M
n1; thus if we deﬁne Gn : ½0; c
M
n -R
GnðcnÞ ¼
ﬃﬃﬃﬃ
cn
p Z t00
t0
wnðc1ðcnÞw1
þ?þ cn1ðcnÞwn1 þ cnwn þ n DðcnÞÞ
1=2  ln;
we have GnðcMn ÞX0: Clearly, Gnð0Þp0 and if Gn vanishes at c0nA½0; cMn  then
the corresponding ðc1ðc0nÞ; y; cn1ðc
0
nÞ; c
0
nÞ and Dðc
0
nÞ satisfy (17). As Gn is
continuous, by the induction hypothesis, and it varies continuously with k
and n; it is necessary to prove just the uniqueness of c0n; which will be
checked by showing that Gn is strictly increasing. Assume %cnocn and
put c1  c1ðcnÞ; y; %cn1  cn1ð%cnÞ: Let i0Af1; y; n  1g be given by
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Sublemma 2. As Dð%cnÞ; DðcnÞ satisfy
li0 ¼
Z t0
0
t0
wi0
c1
ci0
w1 þ?þ
ci01
ci0
wi01 þ wi0 þ
ci0þ1
ci0
wi0þ1

þ?þ
cn
ci0
wn þ
n
ci0

DðcnÞ
ci0
	1=2
¼
Z t0
0
t0
wi0
%c1
%ci0
w1 þ?þ
%ci01
%ci0
wi01 þ wio þ
%ci0þ1
%ci0
wi0þ1

þ?þ
%cn
%ci0
wn þ
n
%ci0

Dð%cnÞ
%ci0
	1=2
; ð19Þ
we have Dð%cnÞ
%ci0
> DðcnÞ
ci0
: This inequality and (14) imply

Dð%cnÞ
%cn
> 
DðcnÞ
cn
; ð20Þ
thus if
%cj
%cn
X
cj
cn
ð21Þ
for all j; it is clear that Gnð%cnÞoGnðcnÞ: If (21) does not hold then taking
j0Af1; y; n  1g as in the last assertion of Sublemma 2, and using an
inequality analogous to (20) for j0:
c1
cj0
w1 þ?þ
cj01
cj0
wj01 þ wj0 þ
cj0þ1
cj0
wj0þ1 þ?þ
cn
cj0
wn þ
n
cj0

DðcnÞ
cj0
o %c1
%cj0
w1 þ?þ
%cj01
%cj0
wj01 þ wjo þ
%cj0þ1
%cj0
wj0þ1 þ?þ
%cn
%cj0
wn
þ
n
%cj0

Dð%cnÞ
%cj0
: ð22Þ
But this is a contradiction with
lj0 ¼
Z t0
0
t0
wj0
c1
cj0
w1 þ?þ
cj01
cj0
wj01 þ wj0 þ
cj0þ1
cj0
wj0þ1

þ?þ
cn
cj0
wn þ
n
cj0

DðcnÞ
cj0
	1=2
¼
Z t0
0
t0
wj0
%c1
%cj0
w1 þ?þ
%cj01
%cj0
wj01 þ wjo þ
%cj0þ1
%cj0
wj0þ1

þ?þ
%cn
%cj0
wn þ
n
%cj0

Dð%cnÞ
%cj0
	1=2
: & ð23Þ
Lemma 3 allows us to obtain the following result on multiwarped
spacetimes.
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Theorem 2. Let ðI  F1 ? Fn; gÞ be a multiwarped spacetime with
weakly convex fibers, and consider any pair of distinct points
ðt0; x1; y; xnÞ; ðt00; x
0
1; y; x
0
nÞAI  F1 ? Fn; t0pt00:
(1) The following conditions are equivalent:
(i) There exists a timelike geodesic joining ðt0; x1; y; xnÞ and
ðt00; x
0
1; y; x
0
nÞ:
(ii) There exists c1; y; cnX0; c1 þ?þ cn ¼ 1 such that
ﬃﬃﬃ
ci
p Z t00
t0
f 2i
c1
f 21
þ?þ
cn
f 2n
 	1=2
Xli ð24Þ
for all i; where li ¼ diðxi; x0iÞ and with equality in jth equation if
and only if cj ¼ 0:
(iii) ðt00; x
0
1; y; x
0
nÞAI
þðt0; x1; y; xnÞ:
(2) The following conditions are also equivalent:
(i) There exists a timelike or light-like geodesic joining
ðt0; x1; y; xnÞ and ðt00; x
0
1; y; x
0
nÞ:
(ii) There exists c1; y; cnX0; c1 þ?þ cn ¼ 1 such that inequal-
ities (24) hold.
(iii) ðt00; x
0
1; y; x
0
nÞAJ
þðt0; x1; y; xnÞ:
Moreover, if the equality holds in all Eq. (24) then there is a lightlike and no
time-like geodesic joining the points.
Proof. Implications ðiÞ ) ðiiiÞ are obvious; for the remainder use Lemma 3
and a reasoning as in [Sa97b, Theorems 3.7, 4.2]. &
4. Geodesic connectedness. special case
As a ﬁrst claim, Lemma 1 can be extended to cases where t0ðtÞ has
isolated zeroes (and, thus, t can be used as a parameter around all points
but these zeroes). In fact, note that the zeroes of t0 are isolated if and only if
last inequality in Lemma 1(i) holds at each zero and, in this case, the zero is
a strict relative maximum or minimum. More precisely, ﬁx c1; y; cnX0;
c1 þ?þ cn ¼ 1; DAR such that c1f 2
1
ðt0Þ
þ?þ cn
f 2n ðt0Þ
XD and consider the
subsets
Aþ ¼ tAða; bÞ : t0pt;
Xn
i¼1
ci
f 2i ðtÞ
¼ D
( )
,fbg; ð25Þ
A ¼ tAða; bÞ : t0Xt;
Xn
i¼1
ci
f 2i ðtÞ
¼ D
( )
,fag: ð26Þ
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Deﬁne a%  a%ðc1; y; cn; DÞ; b%  b%ðc1; y; cn; DÞ by
If
d
dt
Xn
i¼1
ci
f 2i
ðt0Þ
> 0
o0
¼ 0
8><>: then
a% ¼
maxðAÞ;
maxðA  ft0gÞ;
maxðAÞ:
8><>: b% ¼
minðAþ  ft0gÞ;
minðAþÞ;
minðAþÞ
8><>: ð27Þ
Lemma 1 also holds if we assume the following convention for (11).
Convention 1. From now on the integral in (11) will be understood in the
following generalized sense: if
R b%
t0
he¼1i Xli for some i; then the ﬁrst member
of (11) denotes the usual integral; otherwise and if b%ab; we can follow
integrating, by reversing the sense of integration and, if
R b%
t0
he¼1i R a%
b%
he¼1i Xli for some i then the ﬁrst member of (11) means
R b%
t0
he¼1i R t0
0
b%
he¼1i for all i: If this last inequality does not hold for any i and a%aa; the
procedure must follow reversing the sense of integration as many times as
necessary in the obvious way. Analogously, when e ¼ 1; condition (11)
means either
R t0
0
t0
he¼1i (for all i; in this case necessarily t
0
0ot0) or
R a%
t0
he¼1i R t0
0
a%
he¼1i (for all i) or
R a%
t0
he¼1i 
R b%
a%
he¼1i þ
R t0
0
b%
he¼1i (for all i), etc.
Theorem 3. A multiwarped spacetime ðI  F1 ? Fn; gÞ with weakly
convex fibers ðF1; g1Þ; y; ðFn; gnÞ satisfyingZ b
c
f 2i
1
f 21
þ?þ
1
f 2n
þ 1
 	1=2
¼N
Z c
a
f 2i
1
f 21
þ?þ
1
f 2n
þ 1
 	1=2
¼N ð28Þ
for all iAf1; y; ng and for cAða; bÞ; is geodesically connected.
The hypothesis of Theorem 3 will be useful in the sense of the following
lemma.
Lemma 4. Equalities (28) implyZ b
c
f 2i
c1
f 21
þ?þ
cn
f 2n
 D
 	1=2
¼N
Z c0
a
f 2i
c1
f 21
þ?þ
cn
f 2n
 D
 	1=2
¼N ð29Þ
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for all i and for all c1; y; cnX0; c1 þ?þ cn ¼ 1 and c; c0AI ; DAR such that
the denominators of the integrals do not vanish.
Proof. Since
R b
c
f 2i ð
1
f 2
1
þ?þ 1
f 2n
þ 1Þ1=2 ¼N; then multiplying the inte-
grand by the function rðtÞ such that rðtÞ  ð 1
f 2
1
þ?þ 1
f 2n
 DÞ1=2 ¼ ð 1
f 2
1
þ?þ
1
f 2n
þ 1Þ1=2 (which satisﬁes rðtÞXd0 > 0) we would have that
R b
c
f 2i ð
1
f 2
1
þ?þ
1
f 2n
 DÞ1=2 ¼N: As ðc1
f 2
1
þ?þ cn
f 2n
 DÞ1=2Xc1=2k  ð
1
f 2
1
þ?þ 1
f 2n
 D
ck
Þ1=2
where ck is the maximum of the ci’s, the result follows obviously. &
In what follows cˆ ¼ ðc1; y; cnÞ:
Proof of Theorem 3. Let ðt0; x1; y; xnÞ; ðt00; x
0
1; y; x
0
nÞAI  F1 ? Fn
and put li ¼ diðxi; x0iÞ: We can assume li > 0 for all i because, otherwise, the
problem would be reduced to the case of n  1 ﬁbers just by putting gi 
constant for the corresponding i:
Put Kþ ¼ maxif 1f 2
i
ðt0Þ
g and K ¼ Kþ; and deﬁne the set Wn ¼
fcˆAð0; 1Þn : c1 þ?þ cn ¼ 1g: Fixed ðcˆ; DÞAWn  R with Dp c1f 2
1
ðt0Þ
þ?þ
cn
f 2n ðt0Þ
; we consider the functions hei given in Lemma 1 and a%; b% in (27).
Then deﬁne the functions sþi :Wn0; K
þ-R; sþi ðcˆ; KÞ ¼ ti  t0 whereR ti
t0
he¼1i ½cˆ; D ¼ li and D ¼
c1
f 2
1
ðt0Þ
þ?þ cn
f 2n ðt0Þ
 K ; taking into account Con-
vention 1 for each i that is, if
R b%
t0
he¼1i 
R ti
b%
he¼1i ¼ li then, actually,
sþi ðcˆ; KÞ ¼ 2b%  ti  t0; etc. (note that we can use Convention 1, since
b%ab and a%aa because of Lemma 4). We deﬁne si :Wn  ½K
; 0½-R
analogously but using he¼1i ½cˆ; D and opposite sense of integration, and
being D ¼ c1
f 2
1
ðt0Þ
þ?þ cn
f 2n ðt0Þ
þ K ; that is, si ðcˆ; KÞ ¼ t0  ti where
R ti
t0
he¼1i ¼
li (if
R a%
t0
he¼1i þ
R a%
ti
he¼1i ¼ li then s

i ¼ t0 þ ti  2a%; etc.). There are
some technical properties involving functions sþi ; s

i which are proved at the
end of the section in Lemmas 6–8. Note that from Lemma 6 each couple of
functions sþi ; s

i glues together in a continuous function si on all Wn 
½K; Kþ; moreover, also from Lemma 6 the functions mi ¼ 1
si
s1
i ¼
1; y; n are continuously well deﬁned on allWn  ½K; Kþ: Recall that for
the geodesic determined by cˆ; D the value of K corresponds to signðt0ðt0ÞÞ 
t0ðt0Þ
2 thus, our choice of Kþ; K implies that any geodesic characterized by
ðcˆ; K7Þ is causal.
Consider the homeomorphism Y :Wn-ð0; 1Þ
n1;
YðcˆÞ ¼
c2
c1 þ c2
; y;
cn1
c1 þ?þ cn1
; cn
 	
 ðy1;y; yn1Þ  yˆ ð30Þ
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and deﬁne %mi : ð0; 1Þ
n1  ½K; Kþ-R; %miðyˆ; KÞ ¼ miðY
1ðyˆÞ; KÞ (in order to
simplify the notation, we also denote %miðyˆ; KÞ by miðyˆ; KÞ and, in general, Y
will be omitted if there is no possibility of confusion). The following
essential step uses topological arguments in the line of [FLN,LS].
Lemma 5. The set of points ðyˆ; KÞAð0; 1Þn1  ½K; Kþ verifying m2ðyˆ; KÞ ¼
? ¼ mnðyˆ; KÞ ¼ 0 admits a connected component C such that
C-fð0; 1Þn1  fKþgga| and C-fð0; 1Þn1  fKgga|: ð31Þ
Proof of Lemma 5. From Lemma 7, ﬁxed d > 0; there exists e > 0 such that
miðcˆ; KÞomjðcˆ; KÞ being cipe; cjXd and KA½K; Kþ: Now apply Lemma 8,
to obtain the corresponding functions *mi i ¼ 1; y; n: From Lemma 8(i), we
have just to prove that the set of points ðyˆ; KÞA½1; 2n1  ½K; Kþ
verifying *m2ðyˆ; KÞ ¼? ¼ *mnðyˆ; KÞ ¼ 0 admits a connected component #C
such that #C-f½1; 2n1  fKþgga| and #C-f½1; 2n1  fKgga|:
Consider the function:
F : ð1; 2Þn1  ½K; Kþ - X ¼ Rn1
ðy1; y; yn1; KÞ - ð *m2; y; *mnÞðy1; y; yn1; KÞ
þðy1; y; yn1Þ:
Applying [N, Lemma 3.4] and using Lemma 8(ii), it is sufﬁcient to prove (in
the notation of [N]):
iX ðFK ; GÞ  degðI FK ; G; 0Þa0
where FKðy1; y; yn1Þ ¼Fðy1;y; yn1; KÞ and G ¼ ð1; 2Þ
n1: Let #F
be the afﬁne map constructed in (iii) of Lemma 8 plus the identity; clearly,
we have degðI  #F; G; 0Þa0: But degðI FK ; G; 0Þ ¼ degðI  #F; G; 0Þ
(the map l/I FK þ lðFK  #FÞ; lA½0; 1 is a homotopy from I 
FK to I  #F without zeroes on the boundary from Lemma 8(iii)) which
concludes the proof. &
From the construction of C; Lemmas 2 and 6, every point of this set
represents a geodesic joining z and the line L½x01; y; x
0
n:
As the time-like component of a geodesic depends on cˆ and t0ðt0Þ
continuously, thus it depends on yˆ and K continuously too. Since C is
connected, we obtain that z ¼ ðt0; x1; y; xnÞ can be connected with an
interval J of L½x01; y; x
0
n by means of geodesics. Moreover, as C satisﬁes
(31), the extremes of the interval J lie, one of them in JþðzÞ and the other
one in JðzÞ: If z0 belongs to interval J the proof of Theorem 3 is over,
otherwise, z0AJþðzÞ,JðzÞ and Theorem 2 can be claimed. &
Lemma 6. For each i ¼ 1; y; n; there is a (unique) continuous function si :
Wn  ½K; Kþ-R whose restriction to Wn0; Kþ (resp. Wn  ½K; 0½)
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agrees sþi (resp. s

i ). Moreover, the functions mi ¼ 1
si
s1
i ¼ 1; y; n ðm1  0Þ
defined when s1ðcˆ; KÞa0 admit continuous extensions to Wn  ½K; Kþ
putting: miðcˆ; KÞ ¼ 1
ﬃﬃﬃ
c1
p
li f
2
i ðt0Þﬃﬃﬃ
ci
p
l1 f
2
1
ðt0Þ
when s1ðcˆ; KÞ ¼ 0:
Proof. Previously, consider each s7i as a function of ðcˆ; DÞ: In order to prove
the assertion on the si’s, we will check that every convergent sequence
fðcˆk; DkÞgkAN; ðcˆ
k; DkÞ-ðcˆN; DNÞ; with cˆNAWn; satisﬁes
sþi ðcˆ
k; DkÞ- sþi ðcˆ
N; DNÞ and si ðcˆ
k; DkÞ-si ðcˆ
N; DNÞ where makes sense
and, when sþi and s

i are not deﬁned on ðcˆ
N; DNÞ; limk-N sþi ðcˆ
k; DkÞ ¼
limk-N s

i ðcˆ
k; DkÞ:
Consider the corresponding ak%  a%ðcˆ
k; DkÞ; bk%  b%ðcˆ
k; DkÞ; aN%; b
N
%
deﬁned in (27); recall that ½aN%; b
N
%D½lim supk a
k
%; lim infk b
k
%: We can
consider the following cases:
(i) If d
dt
Pn
i¼1
cN
i
f 2
i
jaN
%
;bN
%
a0 then the sequence of intervals ðak%; b
k
%Þ
converges to ðaN%; b
N
%Þ and
R bN
%
aN
%
he¼1i ½cˆ
N; DNoN: Moreover,
f
Pn
i¼1
ck
i
f 2
i
gkAN and its ﬁrst derivatives converge uniformly to
Pn
i¼1
cNi
f 2
i
and
its ﬁrst derivative on an open interval containing ½aN%; b
N
%; then the
functions hei ½cˆ
k; Dk converge almost everywhere to hei ½cˆ
N; DN and are
dominated by an integrable function on ½aN%; b
N
% which implies the required
convergence.
(ii) If either bN% ¼ b; a
N
% ¼ a; or
d
dt
Pn
i¼1
cNi
f 2
i
jaN
%
;bN
%
¼ 0; aN%ab
N
% then we
can take tNþ Aðt0; b
N
%Þ (resp. t
N
 Aða
N
%; t0Þ) such thatR tNþ
t0
he¼1i ½c
N
1 ; y; c
N
n ; D
N ¼ li (resp.
R tN
t0
he¼1i ½c
N
1 ; y; c
N
n ; D
N ¼ li) be-
cause of the divergence of the integral towards bN% (resp. a
N
%). Thus, by
uniform convergence of f
Pn
i¼1
ck
i
f 2
i
gkAN to
Pn
i¼1
cNi
f 2
i
on compact sets we obtain
the convergence of the corresponding constants ftk7gkAN to t
N
7 and, thus,
s7i ðcˆ
k; DkÞ-s7i ðcˆ
N; DNÞ:
(iii) The remainder of the cases, except when d
dt
Pn
i¼1
cNi
f 2
i
jt0 ¼ 0; t0 ¼
aN% ¼ b
N
%; are combinations of (i) and (ii).
(iv) Finally, when d
dt
Pn
i¼1
cNi
f 2
i
jt0 ¼ 0; t0 ¼ a
N
% ¼ b
N
%; then s
þ
i ðcˆ
k; DkÞ-0;
si ðcˆ
k; DkÞ-0 (necessarily, the corresponding K for ðcˆN; DNÞ is 0 and for
ðcˆk; DkÞ different to 0). In fact, reasoning with sþi ; the uniform convergence
of f
Pn
i¼1
ck
i
f 2
i
gkAN to
Pn
i¼1
cNi
f 2
i
on compact sets implies that ﬁxed C0 > 0 and
e0 > 0 there exist Z > 0 and kAN small enough and big enough, respectively,
such that
R t0þe0
t0þZ
he¼1i ½cˆ
k; Dk > C0: Thus
R t0þe0
t0
he¼1i ½cˆ
k; Dk-N and, thus,
sþi ðcˆ
k; DkÞ-0:
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For the assertion on mi deﬁne h
0;e
i ½cˆ; D ¼ e 
ﬃﬃﬃ
ci
p
 f 2i ðt0ÞðD þPn
i¼1
ci
f 2
i
ðtÞÞ
1=2 and consider a sequence fðcˆk; DkÞgkAN; ðcˆ
k; DkÞ-ðcˆN; DNÞ;
with s1ðcˆk; DkÞa0 and limk-N s1ðcˆk; DkÞ ¼ 0: To simplify, assume e ¼ 1 and
put hki  h
e¼1
i ½cˆ
k; Dk; ski  siðcˆ
k; DkÞ; h0;ki  h
0;e¼1
i ½cˆ
k; Dk; s0;ki  s
0
i ðcˆ
k; DkÞ;
where the functions s0i are deﬁned as si but using h
0;e
i : The inequalities
mk
Mk
p liR t0þski
t0
hki ðtÞ
Mk
f 2
i
ðtÞ dt
p liR t0þski
t0
h0;ki ðtÞ dt
p liR t0þski
t0
hki ðtÞ
mk
f 2
i
ðtÞ dt
pM
k
mk
ð32Þ
where mk and Mk are, respectively, the minimum and maximum of
f 2i j½t0; t0 þ s
k
i ; imply limk-N
sk
i
s0;k
i
¼ 1 (recall limk-N ski ¼ 0). Thus
limk-N
sk
i
sk
1
¼ limk-N
s0;k
i
s0;k
1
¼
ﬃﬃﬃ
c1
p
li f
2
i ðt0Þﬃﬃﬃ
ci
p
l1 f
2
1
ðt0Þ
; as required. &
Remark 2. Clearly, reasoning as above, sjðc1; y; cnÞ can be extended
continuously to ci ¼ 0 for any iaj:
Lemma 7. Fix KA½K; Kþ: For each d > 0; there exists e > 0 such that if
cipe and cjXd for some i; j then miðcˆ; KÞomjðcˆ; KÞ:
Proof. Otherwise, we would ﬁnd a sequence fcˆ mg; cˆ m ¼
ðcm1 ; y; c
m
i ; y; c
m
j Xd; y; c
m
n Þ with c
m
i -0; c
m
1 þ?þ c
m
n ¼ 1 such that
miðcˆ
m; KÞXmjðcˆ
m; KÞ; or equivalently siðcˆm; KÞpsjðcˆm; KÞ: ð33Þ
Thus, if cˆN ¼ ðcN1 ; y; c
N
i ¼ 0; y; c
N
j Xd; y; c
N
n Þ is the limit, up to a
subsequence, of fcˆmg then, from Remark 2, sjðcˆm; KÞ-sjðcˆN; KÞAR: We
consider the following cases, which corresponds to those in the proof of
Lemma 6:
(i) If d
dt
Pn
k¼1
cN
k
f 2
k
jaN
%
;bN
%
a0 then siðcˆm; KÞ-N > sjðcˆN; KÞ; which contra-
dicts (33).
(ii) If either aN% ¼ a; b
N
% ¼ b; or
d
dt
Pn
k¼1
cN
k
f 2
k
jaN
%
;bN
%
¼ 0; aN%ab
N
%; then
ﬁxed tNþ ; t0otNþobN% (resp. tN ; aN%otNot0) and taking the e; D
associated to each ðcˆ; KÞ; by using the uniform convergence in ½t0; tNþ þ
bN
%
tNþ
2
 (resp. ½tN 
tN a
N
%
2
; t0) of fhe¼1i ½cˆ
k; DkgkAN to h
e¼1
i ½cˆ
N; DˆN (resp.
fhe¼1i ½cˆ
k; DkgkAN to h
e¼1
i ½cˆ
N; DˆN), we have that for cki small enough
it satisﬁes
R tNþ
t0
he¼1i ½cˆ
k; Dkoli (resp.
R tN
t0
he¼1i ½cˆ
k; Dkoli). So,
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limk-N s
þ
i ðcˆ
k; KÞXbN%  t0 (resp. limk-N s

i ðcˆ
k; KÞXt0  aN%) and thus
(33) imply
R bN
%
t0
he¼1j ½cˆ
N; DNplj (resp.
R aN
%
t0
he¼1j ½cˆ
N; DNplj), which con-
tradicts either (29) if bN% ¼ b (resp. a
N
% ¼ a) or
d
dt
Pn
i¼1
ci
f 2
i
jbN
%
¼ 0 if bN%ab
(resp. d
dt
Pn
i¼1
ci
f 2
i
jaN
%
¼ 0 if aN%aa).
(iii) The reasoning for the remainder of the cases, except when
d
dt
Pn
k¼1
cN
k
f 2
k
jt0 ¼ 0; t0 ¼ a
N
% ¼ b
N
% are similar to (ii).
(iv) Finally, when d
dt
Pn
k¼1
cN
k
f 2
k
jt0 ¼ 0; t0 ¼ a
N
% ¼ b
N
% (and, thus, K ¼ 0)
then, reasoning exactly as in Lemma 6 (formula (32)), miðcˆ
m; 0Þ
ð1
ﬃﬃﬃﬃ
cm
1
p
lif
2
i ðt0Þﬃﬃﬃﬃ
cm
i
p
l1f
2
1
ðt0Þ
Þ1-1 and mjðcˆ
m; 0Þ ð1
ﬃﬃﬃﬃ
cm
1
p
lj f
2
j ðt0Þﬃﬃﬃﬃ
cm
j
p
l1 f
2
1
ðt0Þ
Þ1-1 which contradicts
(33) because cNi ¼ 0 and c
N
j Xd: &
Lemma 8. Consider n continuous functions m1; y; mn : ð0; 1Þ
n1 
½K; Kþ-R such that m1  0 and for each d > 0 there exists e > 0 satisfying
miðcˆ; KÞomjðcˆ; KÞ whenever cipe; cˆ ¼ ðc1;y; cnÞ satisfies.
Then there exist another n continuous functions *m1; y; *mn : ½1; 2
n1 
½K; Kþ-R; *m1  0 and constants m2; y; mn; %m2; y; %mn such that:
ðiÞ If *m2ðyˆ; KÞ ¼? ¼ *mnðyˆ; KÞ ¼ 0 then yˆAð0; 1Þ
n1 and m2ðyˆ; KÞ ¼? ¼
mnðyˆ; KÞ ¼ 0:
ðiiÞ *miðyˆ; KÞ  mi for yi1 ¼ 1; *miðyˆ; KÞ  %mi for yi1 ¼ 2 where
mio0o %mi for i ¼ 2; y; n:
ðiiiÞ There is an affine function on Rn1 which coincide with each *mi i ¼
1; y; n on @½1; 2n1  fKg (@ denotes boundary); in particular for K ¼ K:
Proof. From the hypothesis, there exists 0oen1o1=2 small enough such that
mnðyˆ; KÞomn1ðyˆ; KÞ if yn1ð¼ cnÞ ¼ en1 and mn1ðyˆ; KÞ
¼? ¼ m1ðyˆ; KÞð¼ 0Þ
mnðyˆ; KÞ > mn1ðyˆ; KÞ if yn1 ¼ 1 en1 and mn1ðyˆ; KÞ
¼? ¼ m1ðyˆ; KÞð¼ 0Þ:
Moreover, ﬁxed tAf1; y; n  2g and constants etþ1; y; en1Að0; 1=2Þ;
there exists etAð0; 1=2Þ such that
mtþ1ðyˆ; KÞomtðyˆ; KÞ if yt ¼
ctþ1
c1 þ?þ ctþ1
¼ et; ðytþ1; y; yn1ÞA
Yn1
j¼tþ1
½ej ; 1 ej and mtðyˆ; KÞ
¼? ¼ m1ðyˆ; KÞð¼ 0Þ;
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mtþ1ðyˆ; KÞ > mtðyˆ; KÞ if yt ¼
ctþ1
c1 þ?þ ctþ1
¼ 1 et; ðytþ1; y; yn1ÞA
Yn1
j¼tþ1
½ej ; 1 ej and mtðyˆ; KÞ
¼? ¼ m1ðyˆ; KÞð¼ 0Þ: ð34Þ
This allows us to obtain, by induction, an e% > 0 such that the restriction
of the functions m1; y; mn to ½e
%; 1 e%n1  ½K; Kþ satisfy
miðyˆ; KÞomi1ðyˆ; KÞ if yi1 ¼ e% and mi1ðyˆ; KÞ ¼? ¼ m1ðyˆ; KÞ
miðyˆ; KÞ > mi1ðyˆ;KÞ if yi1 ¼ 1 e
% and mi1ðyˆ; KÞ ¼? ¼ m1ðyˆ;KÞ
ð35Þ
Extend continuously these functions to ½0; 1n1  ½K; Kþ by the
following procedure of n  1 steps. The ði  1Þ-th step, i ¼ 2; y; n is
carried out as follows:
(A) Consider the functions m1; y; mi1; miþ1;y;mn and extend them
trivially in the variable yi1 (that is, independently of this variable) until
yi1 ¼ 0 and until yi1 ¼ 1:
(B) Consider the function mi and extend it linearly (in the variable yi1)
until yi1 ¼ 0 such that mi  vio0 (vi arbitrary) for yi1 ¼ 0: Analogously,
extend the function mi linearly (in the variable yi1) until yi1 ¼ 1 in such a
way that mi  %vi > 0 for yi1 ¼ 1:
Finally, to obtain (iii) too, extend continuously these functions to
½1; 2n1  ½K; Kþ by the following process. First extend the function m1
as 0 in all the variables (thus m1 ¼ 0). Then consider the function mi for
i ¼ 2; y; n and extend it linearly in the variable yi1 until yi1 ¼ 1 and
until yi1 ¼ 2; respectively, such that mi  2vi  %vi for yi1 ¼ 1 and mi 
2%vi  vi for yi1 ¼ 2 (thus mi ¼ 2vi  %vi; %mi ¼ 2%vi  vi). At last, extend the
function mi linearly in the variables yj for all jai  1 in such a way that
miðyˆ; KÞ ¼ mi þ
%mimi
3
ðyi1 þ 1Þ for yjAf1; 2g: &
5. Proof of Theorem 1
Next, our aim is to prove the following result, which will be shown in
Proposition 2 to be equivalent to Theorem 1.
Theorem 4. A multiwarped spacetime ðI  F1 ? Fn; gÞ with weakly
convex fibers ðF1; g1Þ;?; ðFn; gnÞ and such thatZ b
c
f 2i
1
f 21
þ?þ
1
f 2n
 	1=2
¼N
Z c
a
f 2i
1
f 21
þ?þ
1
f 2n
 	1=2
¼N ð36Þ
for all i and for cAða; bÞ is geodesically connected.
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As equalities (36) are weaker than (28) now the analogous to Lemma 4 is
weaker too.
Lemma 9. Property (36) imply (29) for DX0 and for all c1; y; cnX0; c1 þ
?þ cn ¼ 1 where integrals (29) make sense. Moreover, if one of integrals
(29) is finite for one Do0 then it is finite for all Do0: At any case, the values
of the integrals (in 0;þN) depend continuously of cˆ; D:
The main difference between the proof of Theorems 4 and 3 is that, now,
Lemma 4 does not hold for Do0 and, thus perhaps b% ¼ b but
R b%
t0
he¼1i oli
for all i: In this case Convention 1 was not appliable because, otherwise, the
corresponding function tðtiðrÞÞ deﬁned from (7) and (8) touches an extreme
of I ¼ ða; bÞ before reaching z0 and, thus, it does not correspond with the
projection of a (true) geodesic in ða; bÞ  F1 ? Fn joining z and z0:
Nevertheless, we will admit this possibility in order to extend the arguments
on continuity in Theorem 3, and tðtiðrÞÞ will be regarded as the projection of
a fake geodesic in ½a; b  F1 ? Fn: Then, an additional effort will be
necessary to ensure that, among the obtained generalized geodesics, enough
true geodesics are yielded. Even more, we will have to admit fake geodesics
even when an extreme of I is inﬁnite; so, an auxiliar diffeomorphism j will
be used to normalize.
Proof of Theorem 4. Fix a diffeomorphism j : ða; bÞ-ð1; 1Þ j0 > 0 and
redeﬁne the functions s7i by composing all the values in I with j and
making use of Convention 1 for each i; even if a% ¼ a or b% ¼ b; that is:
sþi ðcˆ; KÞ is equal to jðtiÞ  jðt0Þ; 2jðb%Þ  jðtiÞ  jðt0Þ; etc. depending on
the different cases of the integral of hei (analogously with s

i ). The continuity
of these functions s7i (thus, the conclusion on mi) can be proved as in
Lemma 6, but taking into account that now, in case (ii) when bN% ¼ b
perhaps
R bN
%
t0
he¼1i ½cˆ
N; DNoN and, so, the continuity assertion in Lemma 9
must be used. On the other hand, the boundary conditions in Lemma 7 must
be regarded as follows. Put %K
þ ¼ minif 1f 2
i
ðt0Þ
g; %K ¼  %Kþ; note that when
KA½ %K; %Kþ necessarily DX0 and, in this particular case, Lemma 9 can be
claimed. So, Lemma 7 still holds if ½K; Kþ is replaced by ½ %K; %Kþ: This
modiﬁcation makes necessary the following longer version of Lemma 5 in
the proof of Theorem 3. &
Lemma 10. The set of points ðyˆ; KÞAð0; 1Þn1  ½K; Kþ verifying m2ðyˆ; KÞ ¼
? ¼ mnðyˆ; KÞ ¼ 0 admits a connected component C verifying one of the
following possibilities:
(i) C-fð0; 1Þn1  fKþgga|; C-fð0; 1Þn1  fKgga|:
(ii) C-fð0; 1Þn1  fKþgga|; C-f@½0; 1n1  ½K; %Kga|:
J.L. Flores, M. Sa´nchez / J. Differential Equations 186 (2002) 1–30 21
(iii) C-f@½0; 1n1  ½ %Kþ; Kþga|; C-fð0; 1Þn1  fKgga|:
(iv) C-f@½0; 1n1  ½ %Kþ; Kþga|; C-f@½0; 1n1  ½K; %Kga|:
Proof. By an analogous reasoning to Lemma 8 and for e% small enough the
restriction of the functions m1; y; mn to ½e
%; 1 e%n1  ½ %K; %Kþ satisfy
miðyˆ; KÞomi1ðyˆ; KÞ if yi1 ¼ e%
and mi1ðyˆ; KÞ ¼? ¼ m1ðyˆ; KÞð¼ 0Þ;
miðyˆ; KÞ > mi1ðyˆ; KÞ if yi1 ¼ 1 e
%
and mi1ðyˆ; KÞ ¼? ¼ m1ðyˆ; KÞð¼ 0Þ ð37Þ
for i ¼ 2; y; n: Now, consider a homeomorphism h : ½e%; 1 e%n1 
½K; Kþ-½e%; 1 e%n1  ½1; 1 such that hð@½e%; 1 e%n1 
½ %K; %KþÞ ¼ @½e%; 1 e%n1  ½1; 1; hð@½e%; 1 e%n1  ½ %Kþ; Kþ,
½e%; 1 e%n1  fKþgÞ ¼ ½e%; 1 e%n1  f1g; hð@½e%; 1 e%n1 
½K; %K,½e%; 1 e%n1  fKgÞ ¼ ½e%; 1 e%n1 f1g; clearly, func-
tions mi 3 h
1 satisfy (37) but in ½e%; 1 e%n1  ½1; 1: Following the
reasoning in Lemma 8, from the functions mi 3 h
1 we obtain functions
mif3 h1 for each e% where the arguments of degree of solutions can be
applied as in Lemma 5. By applying standard arguments [Wh, Chapter I,
Theorem 9.1] to the lim sup of the corresponding connected components
obtained for each fe%n gnAN with e
%
n -0; we obtain a connected component
which composed with h1 clearly satisﬁes one of the conditions (i)–(iv) of
Lemma 10. &
Now, each point of C represents either (i) a true geodesic reaching the line
L½x01; y; x
0
n or (ii) a fake geodesic in ½a; b  F1 ? Fn that touches
t ¼ b or t ¼ a before reaching the line L½x01; y; x
0
n: Recall that the
component tðtÞ of such a fake geodesic gðtÞ ¼ ðtðtÞ; g1ðtÞ; y; gnðtÞÞ can
touch either an extreme or both extremes of ½a; b: Then, g will be said a fake
geodesic at b (resp. a) if b (resp. a) is the ﬁrst extreme touched. In this case, if
te is the ﬁrst point such that tðteÞ ¼ b (resp. a) gðteÞ will be called the escape
point of the fake geodesic.
The time-like component tðtÞ of a (true or fake) geodesic depends on yˆ
and K continuously. Since C is connected, if we suppose that every point of
C represents a true geodesic then the subset J of the line L½x01; y; x
0
n which
can be reached by true geodesics in C is an interval. Moreover, the subset J
will be also an interval even if there exists some fake geodesic; the proof of
this purely technical result is postponed to Lemma 11.
Now, we consider two cases:
(i) If C satisﬁes (i) in Lemma 10, then by the choice of Kþ; K either t00AJ
and the proof is over or z0AJþðzÞ,JðzÞ; and Theorem 2 also ends the
proof.
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(ii) If C belongs to the case (ii) (resp. (iii), (iv)) of Lemma 10, then
J ¼ ½a0; b0 with possibly a0 ¼ a or b0 ¼ b (and in this case ½a0; b0 must be
assumed open in the corresponding extreme). Moreover, necessarily a0 ¼ a
(resp. b0 ¼ b; a0 ¼ a; b0 ¼ b). In fact, let ðcN; DNÞ be a point in
C-ð@½0; 1n1 K; Kþ½Þ and fðck; DkÞgkAN a sequence in C convergent
to this point. Recall that as the sequence lies in C the conclusion of
Lemma 7 cannot hold. This implies that the sequence must satisfy (ii) in the
proof of this Lemma with either aN% ¼ a or b
N
% ¼ b: If
R a
t0
ðcNi Þ
1=2 
he¼1i ½cˆ
N; DNoN (resp.
R b
t0
ðcNi Þ
1=2  he¼1i ½cˆ
N; DNoN; both inequalities
hold) for some i such that cNi ¼ 0; then for k big enough each ðcˆ
k; DkÞ
corresponds with a fake geodesic (recall that hei in (12) contains a factor
ðcNi Þ
1=2 which may be 0; so, we have multiplied by ðcNi Þ
1=2 to remove this
factor) and Lemma 11 can be claimed. Otherwise, the result can be
obviously obtained. Thus, either t00AJ and the proof of Theorem 4 is over
or, from the choice of Kþ; K; we have z0AJþðzÞ,JðzÞ and Theorem 2
ends the proof. &
Lemma 11. If there exists some point pAC which represents a fake
geodesic at b (resp. a) then the set of points J of L½x01; y; x
0
n
reached by true geodesics is an interval closed in ða; bÞ with an extreme equal
to b (resp. a).
Proof. First note that for K ¼ 0 necessarily D > 0; thus Lemma 9 is
appliable and all these points in C represents true geodesics and so Ja|:
If J were not such an interval, then there would exist t000Aða; bÞ  J
such that t000  d1AJ; d1 > 0: Deﬁne the function e which maps every
point ðcˆ; KÞAC into either the escape point of gðcˆ; KÞ if it is a fake
geodesic or the point where L½x01; y; x
0
n is reached by g otherwise.
The restriction of e to the set of all the true geodesics of C is
continuous because of Lemma 6 and so is its restriction to the (closed)
set of all the fake geodesics in C; because of Lemma 9. If ðcN; DNÞ
represents a fake geodesic in C and fðcˆk; DkÞg a sequence of true geodesics in
C convergent to it, necessarily DNo0 and, from Lemma 9,R b
t0
hki-
R b
t0
hNi pli for all i: As li ¼
R tk
i
t0
hkip
R b
t0
hki for some t
k
iob; necessarily
ftki g-b for all i and the continuity of e is obtained. Thus, the image of e on
C is a connected subset of ½a; b  F1 ? Fn: But this is a contradiction
because ½a; t000 ½F1 ? Fn and t
00
0 ; b  F1 ? Fn contain points of
the image. Moreover, from the continuity of e and the compactness of C; J
is closed in ða; bÞ: &
Finally, Theorem 1 is a consequence of Theorem 4 and the proposition
below is the following lemma.
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Lemma 12. ð1Þ Let fk; f be positive functions on the interval ½d; b½ with
ffkg-f uniformly on compact subsets. If
lim sup
k
Z b
d
fkp
Z b
d
fA0;N ð38Þ
then limk
R b
d
fk exists and is equal to
R b
d
f:
ð2Þ If cˆk; cˆNAWn ¼ fðc1; y; cnÞA½0; 1n :
P
i ci ¼ 1g and fcˆ
kg-cˆN then
limk
R b
d
f 2i ð
ck
1
f 2
1
þ?þ c
k
n
f 2n
Þ1=2 ¼
R b
d
f 2i ð
cN
1
f 2
1
þ?þ c
N
n
f 2n
Þ1=2:
Proof. (1) In the ﬁnite case note that for Z small
R b
d
f Z ¼
R bd
d
f ¼
limk
R bd
d
fkplim infk
R b
d
fk for some d > 0: The inﬁnite case is
analogous.
(2) It is sufﬁcient to check that inequality (38) holds. For any
lA0; 1½ put dNi ¼ l
2cNi and take k0 such that if kXk0 then c
k
iXd
N
i for
all i: ThenZ b
d
f 2i
ck1
f 21
þ?þ
ckn
f 2n
 	1=2
p
Z b
d
f 2i
dN1
f 21
þ?þ
dNn
f 2n
 	1=2
¼
1
l

Z b
d
f 2i
cN1
f 21
þ?þ
cNn
f 2n
 	1=2
:
Thus, the result follows making l-1: &
Proposition 2. Any point of the spacetime can be joined with any line by means
of both, a future directed and a past directed causal curve if and only if
equalities (36) hold.
Proof. Consider the point ðt; x1; y; xnÞ and the line L½x01; y; x
0
n with
x0iaxi for all i: By hypothesis, there exists t
0 > t such that
ðt0; x01; y; x
0
nÞAJ
þðt; x1; y; xnÞ: By Theorem 2 we can ﬁnd c1; y; cnX0;
c1 þ?þ cn ¼ 1 such thatﬃﬃﬃ
ci
p Z t0
t
f 2i
c1
f 21
þ?þ
cn
f 2n
 	1=2
Xli
for all i.
Repeating the procedure, making tk ¼ b  1=k; we obtain t0ðtkÞ-b;
tkot0ðtkÞ and constants ðck1ðtÞ; y; cknðtÞÞ-ðcN1 ; y; cNn ÞAWn (up to a
subsequence). Now ifﬃﬃﬃﬃﬃﬃ
cNi
p Z b
c
f 2i
cN1
f 21
þ?þ
cNn
f 2n
 	1=2
¼ LoN ð39Þ
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then for some d > 0ﬃﬃﬃﬃﬃﬃ
cNi
p Z b
bd
f 2i
cN1
f 21
þ?þ
cNn
f 2n
 	1=2
pli: ð40Þ
Thus, taking k > 1=d; Lemma 12 (2) with d ¼ b  d and formulae (39), (40)
yield a contradiction. &
6. A more general version and applications
Analyzing the proof of the theorem in previous section, we note that the
behavior of the functions
f cˆðtÞ ¼
Xn
i¼1
ci
f 2i ðtÞ
ð41Þ
at the extremes of the interval I ; is the essential point for the geodesic
connectedness. In this sense, we give the following:
Deﬁnition 1. Let f : ða; bÞ-R be a smooth function and let mb ¼
lim inft-b f ðtÞ [resp. ma ¼ lim inft-a f ðtÞ]. The extreme b [resp. a] is a
(strict) relative minimum of f if:
(a) In the case boN [resp. a > N], there exists e > 0 such that if
0oe0oe; then f ðb  e0Þ > mb [resp. f ða þ e0Þ > ma].
(b) In the case b ¼N [resp. a ¼ N], there exists M > 0 such that if
M 0 > M then f ðM 0Þ > mb [resp. f ðM 0Þ > ma].
Now, we are ready to display the hypothesis which will allow to obtain
geodesic connectedness.
Condition (*). For every c1; y; cnX0; c1 þ?þ cn ¼ 1 such that the
function f cˆ in (41) reaches in b (resp. in a) a relative minimum, equalityR b
c
f 2i ð
c1
f 2
1
þ?þ cn
f 2n
 mbÞ
1=2 ¼N (resp.
R c
a
f 2i ð
c1
f 2
1
þ?þ cn
f 2n
 maÞ
1=2
¼N) holds for all i and for some cAða; bÞ close to b (resp. a). (By ‘‘close
to b’’ we mean: cAðb  e; bÞ (resp. cAða; a þ eÞ) if the extreme b (resp. a) is
finite or c > M (resp. co M) if the extreme is infinite, where e and M are
given in Definition 1).
Recall that if one of integrals (29) is ﬁnite for one Doma (resp. Domb)
then it is ﬁnite for all Doma (resp. Domb) and, at any case, the values of the
integrals (in 0;þN) depends continuously on cˆ; D; as in Lemma 9.
Condition (*) makes sure that for every c1; y; cnX0; c1 þ?þ cn ¼ 1;
the integral of hei ½cˆ; D around every relative minimum (ordinary or in the
sense of Deﬁnition 1) is arbitrarily big when D is close to the value of this
minimum, which will be sufﬁcient as we will check.
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The main differences between the proofs for this new case and Theorem 4
are the following.
Clearly, Condition (*) can replace Lemma 9 (or Lemma 4) in the proof of
Lemma 6 and Remark 2, but the modiﬁcations for Lemmas 7, 8 are not so
simple, and the following construction will be needed. Replace the set
fðcˆ; KÞ : cˆA %Wn; KA½ %K

; %K
þg by the set GN;Z ¼ fðcˆ; KÞ : cˆA %Wn; KA½KN ðcˆÞ 
Z; KNðcˆÞ þ Zg; NAN; Z > 0 where KN ðcˆÞ ¼ signðmlðcˆÞ  mrðcˆÞÞ ðf cˆðt0Þ 
DNðcˆÞÞ being DN ðcˆÞ ¼ N eðcˆÞ jmlðcˆÞ  mrðcˆÞj ðmðcˆÞ  f cˆðt0ÞÞ þ f cˆðt0Þ with e :
Wn-R;
eðcˆÞ ¼
1 if j mlðcˆÞ  mrðcˆÞjo1=N;
1
N jml ðcˆÞmrðcˆÞj
if j mlðcˆÞ  mrðcˆÞjX1=N;
(
ð42Þ
mlðcˆÞ the minimum value of f cˆ to the left of t0; mrðcˆÞ the minimum value of
f cˆ to the right of t0; mðcˆÞ ¼ minfmlðcˆÞ; mrðcˆÞg: N ; Z will be chosen large
enough and small enough, respectively, in order to obtain, by induction,
e% > 0 such that the relations analogous to (35) hold (the inequalities of
these relations are now written as miðcˆ; KN ðcˆÞ þ Z
0Þomjðcˆ; KN ðcˆÞ þ Z0Þ). In
fact, N and Z can be taken as the maximum and the minimum, respectively,
of the n  1 ones obtained as follows in each step of the analog to the
inductive procedure of Lemma 8. In the (n  t)th step, given the relations
analogous to (34), Z and N are chosen to satisfy: whenever ðcˆ; KÞAGN 0;Z;
N 0 > N with ðytþ1; y; yn1ÞA
Qn1
j¼tþ1 ½ej ; 1 ej imply either a% ¼ a or
b% ¼ b; then
R d%
t0
hej ½cˆ; K lj for some jpt þ 1; where d% ¼ b% if eð¼
signðKÞÞ ¼ 1 and a% if e ¼ 1: Then, a suitable version of Lemma 10 is
obtained, say: the set of points ðyˆ; KÞAð0; 1Þn1  ½K; Kþ verifying
m2ðyˆ; KÞ ¼? ¼ mnðyˆ; KÞ ¼ 0 admits a connected component C verifying
one of the possibilities in Lemma 10 but replacing f@½0; 1n1  ½K; %Kg
and f@½0; 1n1  ½ %Kþ; Kþg by fðcˆ; KÞ : cˆA@½0; 1n1; KA½K; KNðcˆÞ  Zg
and fðcˆ; KÞ : cˆA@½0; 1n1; KA½KNðcˆÞ þ Z; Kþg respectively (see Figs. 2 and
3). From this point the proof goes on as before just taking into account that
Condition (*) is used instead of Lemma 9 in the proof of Lemma 11 and the
following subtlety. For Theorem 4, in order to prove that, say, a0 ¼ a we
knew that e ¼ 1 because the value KN of K corresponding to ðcˆN; DNÞ
was negative. Now, it is possible for KN to be positive, 0oKNoKNðcˆNÞ
but, in this case the deﬁnition of KN implies b
N
%ob:
Thus, we obtain:
Theorem 5. A multiwarped spacetime ðI  F1 ? Fn; gÞ with weakly
convex fibers ðF1; g1Þ; y; ðFn; gnÞ verifying Condition (*) above is geodesically
connected.
Next, we will apply this result to some well-known spacetimes. First, note
that the (geodesically connected) strip of Lorentz–Minkowski spacetime
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Lnþ1 commented in the Introduction satisﬁes Condition (*), of course. Less
trivially, consider the metric on R ðr; rþÞ  S2
 1
2m
r
þ
e2
r2
 	
ds2 þ 1
2m
r
þ
e2
r2
 	1
dr2 þ r2ðdy2 þ sin2 y df2Þ;
where e; m are constants, (m positive), e2om2; rAðr; rþÞ; r ¼ m  ðm2 
e2Þ1=2; rþ ¼ m þ ðm2  e2Þ
1=2; sAR and y;f are usual coordinates on S2
(note that the new variable tAð0; tþÞ obtained integrating
dt ¼ 1þ
2m
r

e2
r2
 	1=2
dr
yields the interval I and the warping functions of our deﬁnition of
multiwarped spacetime; on the other hand, the ﬁbers are, of course, weakly
convex).
When ea0 this metric is the intermediate zone of usual Reissner–
Nordstro¨m spacetime and, in this case, 1
f 2
1
ðtÞ diverges on the extremes of the
interval and 1
f 2
2
ðtÞ has relative minima which satisfy Condition (*). Therefore,
Condition (*) always hold and it is geodesically connected.
When e ¼ 0 this metric represents the Schwarzschild black hole, and
functions f1ðtÞ; f2ðtÞ behaves at 0 as t1=3; t2=3 and at tþ as tþ  t; ðtþ 
ðtþ  tÞ
2Þ2; thus Condition (*) does not hold for f1 at 0. Nevertheless, its
geodesic connectedness is a consequence of the special characteristics of its
ﬁber F2: To simplify things, the following result will be stated just for n ¼ 2
ﬁbers, so c1  c; c2  1 c:
Lemma 13. Let ðI  F1  F2; gÞ be a multiwarped spacetime with weakly
convex fibers ðF1; g1Þ; ðF2; g2Þ and assume Condition (*) holds for all cA½0; 1
but when c ¼ 1; i ¼ 1: Then ðI  F1  F2; gÞ is geodesically connected if
the second fiber satisfies the following condition: for all x2; x02AF2 there exists
a sequence of geodesics of the fiber f%gm2 gmAN joining them with diverging
lengths Lm:
Proof. Given z ¼ ðt; x1; x2ÞAI  F1  F2 and the line L½x01; x
0
2 ﬁx a
minimizing geodesic %g1 joining x1 and x
0
1 and consider s1ðc; KÞ; cA0; 1:
For each mAN; the corresponding %gm2 allows to deﬁne the function s
m
2 ðc; KÞ;
cA½0; 1½: Assuming that fLmgmAN is increasing then the sequence
fsm2 ðc; KÞgmAN is increasing too.
Fixed r ¼ 1 c > 0; there exists m such that 0  m1ð1 r; KNð1
rÞÞomm2 ð1 r; KN ð1 rÞÞ for all N big enough. Moreover, as in the proof
of Theorem 5, there exist N;Z large enough and small enough, respectively,
such that 0  m1ðe
%; KNðe%Þ þ Z0Þ > mm2 ðe
%; KN ðe%Þ þ Z0Þ holds for any
Z0A½Z; Z; and en small enough. Then, we obtain a connected component
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Cr satisfying one of the corresponding four possibilities in Lemma 10
(replacing too ð0; 1Þ  ð0; 1Þn1 by ð0; 1 rÞ).
Thus, we can connect z with an interval Jr ¼ ½ar; br of L½x01; x
0
2 by means
of geodesics. Moreover, farg-a; fbrg-b when r-0: In fact, reasoning
with a; if araa for all r; let ðcN ¼ 1; KNÞ be a point in @½0; 1  ½K; KN ð1Þ;
which is the limit, up to a subsequence, of ðck; KkÞAC1=k: Recall that as the
sequence lies in C1=k then it must satisfy (ii) (or (iii)) of Lemma 7 with
aN% ¼ a; b
N
% ¼ b: If
R a
t0
ðcNi Þ
1=2  he¼1i ½c
N; KNoN for i ¼ 2 then for k big
enough each ðck; KkÞ corresponds with a fake geodesic and Lemma 11 can
be claimed. Otherwise, the result can be obviously obtained. &
Note: The condition that each x2; x02AF2 can be joined by a sequence of
arbitrarily long geodesics will hold trivially in Schwarzschild spacetime (F2 is
a sphere and x2; x02 will be crossed by a closed geodesic). With more
generality, this property holds whenever F2 is a complete non-contractible
Riemannian manifold (because of a nice application of Ljusternik–
Schnirelmann theory).
Theorem 6. Schwarzschild black hole ðI  F1  F2;dt2 þ f 21 g1 þ f
2
2 g2Þ is
geodesically connected even though its part ðI  F1;dt2 þ f 21 g1Þ is not.
Proof. The ﬁrst assertion is a direct consequence of Lemma 13 and Note
above.
For the second one, let x1; x01 be different points in F1 and let l1 ¼
dðx1; x01Þ > 0: As Condition (*) does not hold for c ¼ 1; i ¼ 1; there exists
t0AI such that
R t0
0
1
f1ðtÞ
ol1: From the behavior of f1 towards tþ; for every t00
close enough to 0; the points ðt0; x1Þ; ðt00; x
0
1Þ cannot be connected by means
of a geodesic with e ¼ 1: Moreover, from the behavior of f1 towards 0 and
the continuity of the integrals
R t0
a%
f 21 ð
1
f 2
1
ðtÞ  DÞ
1=2 varying D; for t00 close
enough to 0 the points ðt0; x1Þ; ðt00; x
0
1Þ cannot be connected by means of a
geodesic with e ¼ 1 either. &
Added in proof: ðI  F1;dt2 þ f 21 g1Þ is a GRW spacetime and it is
straightforward to check that this spacetime does not satisfy the necessary
and sufﬁcient condition for geodesic connectedness in [FS00]. In [FS02] a
direct proof of the connectedness of outer Schwarzschild spacetime by using
the topological arguments in this article is provided. This proof can be
modiﬁed to provide a proof of the geodesic connectedness of Schwarzschild
black hole, speciﬁcally adapted to this spacetime.
Remark 3. It is clear that each two points of Schwarzschild black hole (as
well as any multiwarped spacetime for which Lemma 13 is appliable) can be
joined by a spacelike geodesic. From Proposition 1, if the second ﬁber of this
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spacetime (a round sphere) is replaced by any strongly convex ﬁber (for
example, R2) then the resulting multiwarped spacetime is not geodesically
connected. This difference is possible because when the ﬁbers are strongly
convex then the geodesic connectedness depends exclusively of the behavior
of the warping functions at the extremes of I ; but if they are just weakly
convex, the existence of multiple geodesics in the ﬁbers may maintain the
geodesic connectedness under small weakenings to this behavior. Thus, even
though the conditions for geodesic connectedness in Theorem 5 are
sufﬁcient but not necessary (a necessary condition can be expressed in a
relatively simple way for n ¼ 1 ﬁber [FS00]), the proofs of Theorem 6 and
Lemma 13 show the high accuracy which can be achieved by using our
technique.
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